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ABSTRACT

This thesis presents the FlatVCP approach to solving optimal control prob-
lems for differentially flat systems. The approach is geared towards real-time,
safety-critical applications such as robotics control and trajectory optimiza-
tion. FlatVCP finds rigorously feasible solutions in the continuous-time
sense. Furthermore, willingness to compromise on optimality may increase
its efficiency, achieved by convex relaxations of constraints in nonlinear pro-
gramming. The FlatVCP approach relies on the differential flatness property
to eliminate differential constraints and the strong convexity properties of B-
spline curves and their derivatives to tractably guarantee infinite-dimensional
(i.e., for all time) constraints. This thesis also presents two case studies
showing the FlatVCP approach applied to practical dynamic systems: a
quadcopter and a vehicle. The case studies include detailed derivations for
the safety certificates of the FlatVCP approach as well as example controllers
and estimators. Each case study concludes with a demonstration of the

presented algorithms in real robotic systems.



1 INTRODUCTION

This section begins by posing the general problem addressed in this work.
Then, we review the relevant literature that serves as foundation for the

proposed solution approach: FlatVCP.

1.1 Problem Statement

Many relevant processes can be described by the nonlinear, autonomous

system

x(t) = f(x(t), u(t)), (1.1)

with state x € R" and input u € R vectors. Finding state and input
trajectories for (1.1) that achieve high performance while satisfying safety
specifications remains a relevant problem both theoretically and in practice.
The problem is even more relevant if we target real-time or embedded
applications. Let us formulate such a problem in the context of optimal

control:

minimize  F(t;,x(t;)) + / L(x(t), u(t))dt (OPT-CTRL)

subject to  x(t) = f(x(t),u(t)),



over the horizon time ¢; and the space of functions x : [to, ;] — R”
and u : [to,tf] — R™. The Mayer cost functional F' : R x R" — R
encodes the terminal performance measure and the Lagrange cost functional
L : R" x R™ — R encodes the trajectory performance measure. The sets
Xo CR", Xy C R" denote the initial and final state sets, respectively, and
X CR™ U C R™ are the safe subsets of the state-space.

Problem (OPT-CTRL) covers many practical scenarios but is, in general,
difficult to solve. It is especially challenging to do so efficiently. Most general-
purpose optimal control solvers are not suitable for hardware implementation
in real-time applications. However, obtaining solutions to (OPT-CTRL) fast
is desirable in many fields. Consider, for example, an autonomous car where
the set X describes the road and traffic conditions distilled from sensor data.
It would be critical, in this situation, to find new solutions to (OPT-CTRL)
as new sensor data becomes available. Furthermore, most solvers rely on
discretizations of the state space and cannot formally guarantee state and
input constraints in the continuous-time sense. In this work, we restrict our
scope to differentially flat systems and provide an approach to find generally
sub-optimal, but feasible trajectories x(t) and u(t) for (OPT-CTRL) in real
time (25-100 Hz) with rigorous safety guarantees in the continuous-time
sense. In other words, the feasibility of x(¢) and u(t) is guaranteed for all
t € [to,ts], instead of only at discrete times.

The presented approach is henceforth named FlatVCP because it per-

tains to differentially flat systems and will rely on the intuitive construct



of the virtual control points (VCP) of B-spline curves. While the approach
is system-specific and cannot be elegantly generalized (due to the uniqueness
of the flat maps of differentially flat systems), we present two relevant case
studies in the field of robotics that demonstrate its potential: A quadcopter
and a wheeled vehicle subject to non-holonomic constraints (i.e., a car).
These case studies may serve as a tutorial guiding future applications of the
FlatVCP approach to other differentially flat systems. Furthermore, the
case studies are relevant on their own due to the widespread adoption of

both robotic systems.

1.2 Optimal Control

In optimal control, the goal is to find the inputs for a system such as
(1.1) that minimize a given performance index while satisfying constraints
(typically representing safety specifications). An instance of an optimal
control problem is (OPT-CTRL). These problems tend to be complex and
require numerical methods to solve [1]. Numerical methods date back to the
1950s and Bellman’s work introducing dynamic programming [2]. Nowadays,
methods for solving optimal control problems are usually divided in two
classes: direct and indirect methods.

Indirect methods, informally, “first optimize, then discretize.” They
rely on the calculus of variations [3] and Pontryagin’s Minimum Principle

[4] or the Hamilton-Jacobi-Bellman equation [2] to formulate optimality



conditions. These conditions tend to result in a boundary-value problem (as
opposed to initial-value problem) which can be solved to obtain candidate
trajectories. The trajectories are then compared based on their ability to
minimize the given performance index and the best one is chosen [5]. The
most common indirect methods are the indirect shooting method and the
indirect collocation method [6].

Direct methods, informally, “first discretize, then optimize.” The state
and/or input are discretized by some approach, and then the original optimal
control problem is transcribed into a nonlinear programming problem for
which general-purpose solvers exist (such as IPOPT [7]). The most common
direct methods are the direct shooting method, direct collocation method,
and pseudospectral methods [1]. Pseudospectral methods are especially
relevant for the proposed approach. They make use of basis functions to
parameterize the state and input trajectories [8]. Then, the differential
constraint can be handled and the optimization is recast in terms of the
basis parameters such as coefficients and weights. In [9], pseudospectral
methods were applied to differentially flat systems to relate optimal control
with trajectory planning approaches which leverage differential flatness.

The above approaches for solving optimal control problems work for
general systems. FlatVCP can be regarded as a specialized pseudospectral
method (direct method) which, applies only to differentially flat systems.
The benefit of FlatVCP, as we will see in upcoming sections, is that the

need to integrate the differential equations describing the system dynamics



(1.1) is eliminated. However, the optimality of solutions obtained by the
FlatVCP approach cannot be argued, in general, from the context of optimal
control due to the loss of physical meaning incurred when transforming the
objective function into a tractable flat space objective. Nonetheless, as the
case studies will reveal, it is usually possible to formulate practically relevant

and tractable (convex) objective functions in flat space.

1.3 Differential Flatness

Differential flatness is a property of dynamical systems highly related to the
notion of controllability. In fact, a linear system is differentially flat if and
only if it is controllable [10]. More generally, controllability is a necessary
condition for flatness [10]. However, the converse is false. One could argue
that differentially flat systems were first formally studied in [11]. However, it
wasn’t until later, that the term “flatness” was coined and the property was
established in the works [10, 12, 13]. More importantly for the present work,
the differential flatness property can be used to find feasible system state
and input trajectories [14, 15]. See [13] for a list of examples of differentially

flat systems.

Definition 1.1. [16] The system (1.1) is differentially flat if there ezists a
flat output

y = h(x,u,1u,...,u?) (1.2)



such that the elements of y = (Y1, Y2, - - -, Ym)? are differentially independent,
and the states and inputs can be expressed as algebraic functions of y and a

finite number of its derivatives:

X = CI)(y,y, . ,y(q)), (1.3a)

u= \If<y,y, . ,y<q+l>). (1.3b)

The case studies presented include derivations of ® and ¥ for the 9-

dimension quadcopter model and the kinematic bicycle model.

1.4 B-spline Functions

B-splines are a type of parametric curve widely used because of their convex-
ity, smoothness and locality properties. Given a knot vector T = (79, ...,T,)
satistying 7; < 7,41 where ¢ =0,...,v — 1, a d-th degree B-spline basis with

d € Z~g is computed recursively as [17]:

1, T <t< Tit1,
0, otherwise,

- Ti+d —1
/\i,d(t) = 7/\i,d—1<t> + L/\H—l,d—l(t)-
Titd — Ti Titd+1 — Ti+1



Let us consider the clamped, uniform B-spline basis, which is defined over

knot vectors satisfying:

(clamped) 7 =...=7T4, Tpa=...=Ty, (1.4a)

(uniform) 7441 —Ti=...=TN+1 — TN, (1.4b)

where N = v —d — 1. A d-th degree B-spline curve s : [19,7,) — RP
is a p-dimensional parametric curve built by linearly combining control
points p; € RP(i = 0,...,N) and B-spline basis functions of the same
degree. Noting s(%(¢) = s(t), we generate a B-spline curve and its r-th order

derivative (0 < r < d) by:
N
SO(1) = 3 Dbl Ausr(t) = PBAL(1), (15)
i=0
where the control points are grouped into a matrix
P: pO pN ERPX(NJ"I)’ (16)

the basis functions are grouped into a vector

Agr(t) = [Moar(t) - ANM,dfr(t)}T e RV (1.7)



and b/, is the j-th row of matrix B, € RWHDX(N+r+1) given by:
B, = My .C,. (1.8)

The matrix My, € RWHDXIN=r+1) can be constructed recursively as in

[18]:

]N+1, T = 0,
Mag—r =

H::lfM(T>d7N7i)7 1§T§d7

where each iteration in the product is a right-multiplication and the matrix-
valued function fy; : R x Zog x N x N — RW=i#2)x(N=i+1) i5 defined

as:

—ag - 0
fM(T7d7N77:): o ’
—anN—;
0 an—_;
d—1+1
ajp =

Th4+d+1 — Tk+i

The matrix C, € ROV-—+)x(N+r+1) g constructed as

CTZ[O(NH_T)XT Invicr O(Ni1—r)xr

for r € Z>0 and Co = IN—l—l-

Some properties of B-splines that will be used in the following sections



are listed below (see [17] and [18] for more details).

P1) Continuity. Given a clamped knot vector satisfying (1.4a), s(t) is C*
for any t ¢ 7 and C97! for any t € 7. Where C™ denotes the set of
smooth functions whose derivatives, up to n-th order, exist and are

continuous.

7

P2) Convezxity. The B-Spline basis functions have the “partition of unity
property, meaning that:
(i) Aia(t) > 0;
(i) SN Nia(t) =1, Vt € [19, 7).
P3) Local Support. Any B-spline basis is only nonzero over a local set of

knots: A, 4(t) # 0 iff t € [73, Tivas1)-

P4) Strong Convezity. Segments of the B-spline curve are contained within
the convex hull of a limited set of control points. Combining each

segment we obtain:

N
s(t) € [J Conv{p;_g:- .-, P;}-
i=d
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1.5 Second-order Cone Programming

A second-order cone program (SOCP) is a type of convex optimization

problem of the following form [19, 20, 21]:

minimize f’x (1.9)
subject to  [|[Ax +blls <clx+d;, i=1,...,m,

Fx=g,

where x € R” is the optimization variable, and the problem parameters
are f € R", 4; € R~ b, € RM! ¢; € R”, d; € R, F € R™" and

g € R™. Constraints of the form:
|Ax + bl < c'x+d (1.10)

are called second-order cone (SOC) constraints of dimension n. Many
commonly-seen convex constraints can be formulated as SOC; for example,
ellipsoidal constraints (x’@x < r, @ = 0) and polyhedral constraints
(Ax < b) [19, 20, 21]. SOCP encompasses many types of important convex
programs as special cases, such as linear programs, convex QPs and convex
quadratically constrained QPs. SOCP can be solved in polynomial time via
the interior-point method and off-the-shelf solvers such as MOSEK exist [22,
23].

The capability of FlatVCP to deliver results in real-time is predicated
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on the ability of the user to formulate the problem as a convex optimization
problem in terms of the control points of a B-spline curve parameterizing
the flat outputs. In the presented case studies, we will obtain second-order
cone programs which can be solved efficiently. The flat maps ® and ¥ tend
to be highly nonlinear. Therefore, arriving at a convex formulation usually
relies on finding sufficient conditions which are convex with respect to the
control points of the B-spline parameterizing the flat outputs at the expense
of the feasible region’s size or optimality. Finding these convex sufficient
conditions that minimally reduce the feasible region is arguably the most

challenging aspect of the FlatVCP approach.
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9 FLATVCP

This chapter presents the FlatVCP approach to finding feasible solutions to
optimal control problems like (OPT-CTRL) for differentially flat systems.
First, we will define the virtual control points of B-spline curves and present
powerful theorems and properties involving them which are key to formulat-
ing tractable problems with continuous-time safety guarantees. Then, the

FlatVCP approach is presented for general differentially flat systems.

2.1 B-splines: Virtual Control Points

Recall the definition of a B-spline curve s : [, 7,) — R given in (1.5). The

following defines its virtual control points.

Definition 2.1. [24] The columns of P = PB,, where P and B, are
given in (1.6) and (1.8), respectively, are called the r-th order virtual control
points (VCPs) of B-spline curve s : [19,7,) — RP and denoted as pg»r) eRP

where 7 =0,....,N +r, ie.,
P") = PR, = [pgo P%H _ (2.1)

Note that P(® = P and that the first and last r columns of P(") are
zero vectors because of the form of the B, matrix. It is a known result
that s()(t) is a B-spline curve of degree d — 7 [17]. By Definition 2.1, we

can also say that the control points of s (t) are pz(-r) fori=r,...,N. In
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other words, the control points of s)(t) are the N — r 4 1 inner r-th order
VCPs of s(t). We will see in the following results that VCPs are to B-spline
curve derivatives as control points are to B-spline curves in many convexity
properties. Furthermore, the VCPs are linear combinations of the control

points:

N
P =3 b1, (2.2)
1=0

where b, ; ; is the (¢, j)-th entry of matrix B, defined in (1.8). These two
properties make VCPs an intuitive and useful construct for working with
B-spline curve derivatives, which is essential in the context of differential

flatness.

Lemma 2.2. [24] The r-th derivative of a clamped B-spline curve s :
[T0,7y) — R? defined as in (1.5) is contained within the convex hull of the

N — r + 1 inner r-th order virtual control points of s such that:

(global) s (t) € Conv{p,....pW}, Vte€ [r, 7). (2.3)
(local) s"(t) € Conv{p\"”,,,,....p\"}, Vte [m 7)), i€{d,...,N}.

(2.4)

Proposition 2.3. [24] Given a convez set S and a clamped B-spline curve

s : [10,70) — RP defined as in (1.5), if

pleS, j=r..,N, (2.5)
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holds, then s (t) € S, Vt € [r9,7,). If
p)eS, j=i—d+r...i, ic{d,... N} (2.6)

holds, then s\ (t) € S, YVt € [1i, Tiz1).

Proposition 2.3 provides a powerful method to transform an infinite-
dimensional constraint into finitely many sufficient conditions. Furthermore,
since the VCPs are linear combinations of the control points, the conditions in
Proposition 2.3 are always convex with respect to the B-spline curve’s control
points. This result will be used heavily in the two presented case studies
to formulate convex optimization problems where the decision variables
are a B-spline curve’s control points. This results is at the heart of the

continuous-time safety guarantees of the FlatVCP approach.

Lemma 2.4. [25] Let s : [19,7,) — RP be a clamped B-spline curve defined
as in (1.5). Given scalars ri,r9 € {0,...,d} and matriz QQ € RP*P define
blending function ¢ : [19,7,) = R and its i, j-th blended VCP p;; € R as

follows:

Then, we have that over the:
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i) Global interval t € [19,7,):

q(t) € Conv{p;;}, t=mr,...,N, j=ry...,N. (2.7)

i) Local interval t € [Ty, Tpy1) with k € {d,...,N}:

q(t) € Conv{p;;}, i=k—d+r,....k, j=k—d+ry, ..., k. (2.8)

Proposition 2.5. [25] Let q(t) be a blending function and p; ; its i, j-th
blended VCP. Given scalars q,q € R, if

ggpi,j§67 izrlv"wNa j:TQV":Na (29)

holds, then g < q(t) <@ for allt € [19,7,). If

ggpmgq, i:k—d+T1,...,k, j:k—d—FTg,...,]{}, (210)

holds for some k € {d,..., N}, then ¢ < q(t) <G for allt € [13, Thi1).

Propositon 2.5, similar to Proposition 2.3, provides finitely many suffi-
cient conditions for an infinite-dimensional constraint. Furthermore, while
Proposition 2.5 holds for any blending function with square matrix @), the

conditions are convex with respect to the control points if ) > 0.
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2.2 Flattened Optimal Control

Recall the differential flatness property (Definition 1.1) and consider the

following notation overload:

®(t) 2 0(y(t),¥(t),....y?(1)), (2.11a)

W) £ U (y(t),y(t),....y 7). (2.11b)

Then, we can reformulate (OPT-CTRL) as a functional optimization prob-
lem:

minimize F(t;, ®(t;)) + / th(d)(t),\If(t)) dt, (FLAT-OPT)

to

subject to  ®(ty) € Xy, P(tf) € &y,

d(tye X, V() el,

over the horizon time t; and the space of smooth functions y € C?*! :
[to,tf] — R™. Notice that the differential constraint (1.1) is no longer
necessary because the smoothness of the flat trajectory y guarantees dynamic
feasibility. Thus, the two problems (OPT-CTRL) and (FLAT-OPT) are
equivalent, although their solutions live on different manifolds [9]

While (FLAT-OPT) does not involve any differential constraints, it is
still intractable to solve. We will let y : [tg, ] — R™ be a d-degree B-spline
curve defined as in (1.5) with N + 1 control points p; € R™,j =0,..., N

and knots 7; € [to,tf],i=0,...,N +d+ 1 grouped into a clamped, uniform
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knot vector 7 (1.4). Then, we will optimize over the control points p; of the
B-spline. The properties of B-spline curves and their derivatives presented in
the previous section allow us to avoid infinite-dimensional constraints. Thus,
the functional optimization problem (FLAT-OPT) may be relaxed into a
nonlinear programming problem (NLP) for which general purpose solvers
exist. Finally, we will show in the case studies that the specific geometry of
each system’s flat map may be exploited to reformulate or relax the NLP

into a convex optimization problem, thus achieving real-time replanning.
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3 CASE STUDY: QUADCOPTERS

The use of autonomous quadcopters is extending beyond academia as new
applications are discovered. Some of these applications include agriculture
[26], cinematography [27], exploration [28] and search and rescue [29]. These
applications are usually safety-critical and require rigorous satisfaction of
safety constraints on the states and inputs of the quadcopters for all time.
In this section, we demonstrate how the FlatVCP approach can generate

trajectories satisfying such constraints with low computational burden.

3.1 Quadcopter Models

This section presents a few, commonly used quadcopter models of varying

fidelity. In all models, the coordinate frames are as shown in Figure 3.1.

6-Dimension Model

Let the state and input vectors be, respectively:

X:{I y z &9 z']T, (3.1a)

u=[T ¢ 6 4], (3.1b)

where the inputs are the normalized thrust 7' in units of m/s? and the

ZYX Euler angles ¢ (roll), 6 (pitch) and ¢ (yaw), which are grouped into
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Figure 3.1: Inertial (or world) coordinate frame W (black) and body coor-
dinate frame B (blue). The intermediate coordinate frame C' (red) is also
shown. Crazyflie2.1 figure from [30].

vector & 2 (¢,0,v)T. The position of the quadcopter in the Inertial frame is
r = (2,9,2)T. The 6-dimension model is an autonomous, nonlinear dynamic

system:

X(t) = f(x(t),u(t)), (3.2)
and f : R x R* — R® has the form:

T

(]

z

flxu) = T'(sin ¢sint) + cos psinf cosp) |’

T'(cos ¢ sin O sin ) — sin ¢ cos )
T cospcost —g
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where ¢ is the value of the gravitational acceleration.

9-Dimension Model

Let the state and input vectors be, respectively:

X:[I y z ¢ 0 Y 19 Z}T, (3.3a)

u:[T P q T}T, (3.3b)

where w £ (p,q,7)T is the angular velocity vector in the Body frame. The

9-dimension model is a control-affine nonlinear dynamic system:

%(t) = £ (x(0) + g(x(0)ju(®), (3.4)

and f:R? — RY and ¢ : R? — R?** have the form:

r O3x1  Os3x3
f(X) = | O3x1 |, Q(X) = | O3x1 Gg(g) )
— gz Gr(€) Osxs

where zy = (0,0, 1)7 is the Inertial frame’s z-axis and

[1 singtan® cos¢tanf

Ge(€) =10  cos¢ —sing |,
0 sin ¢ cos ¢
cos 0 cos 0

[sin ¢ sin v + cos ¢ sin 0 cos v
Gr(&€) = |cos¢psinfsiny — sin pcos )| .

cos ¢ cos 0
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10-Dimension Model

Let the state and input vectors be, respectively:

. . 'T
X:[$9290 Q1 92 g3 T Yy z| , (3-53)

u:[T P q T}T, (3.5b)

where q £ (qo, q1, @2, ¢3)" is the unit quaternion describing the quadcopter

attitude constructed as:

q=9.9,9,,

where

¢ .
’
q, = cos 5 + Xy sin 5

q, = cosi +yWsin§,

= COS — + Zy Sin —
qz 2+ w 27

with xy and yy, the Inertial frame’s z-axis and y-axis, respectively. Note
that q,q,q, denote quaternion multiplications (see, [31, 32]). The 10-

dimension model is a control-affine nonlinear dynamic system:

%(t) = f(x(0) + g(x(0)u(®), (3.6)
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and f:RY — R and g : RY® — R'%*4 have the form:

r 03x1  Osxs
f(x) - 04><1 ) g(X) = 04><1 Gq(q) )
—gzZw Gr(q) Osxs
where
1 _qzl :Zz _ng 2(q092 + 0193)
Gy(a) = 5 _ . Gr(a) = | 2(qq — qq)
219 Q1 2 9 99
B 9 — % — 4+ a3
92 1 do

The reader is referred to [33] for sample code for controlling the 10-dimension

quadcopter model.

12-Dimension Model

Let the state and input vectors be, respectively:

x:{$yz¢9¢i’y2pqrr, (3.7a)

u=[T M, M, M] . (3.7b)

where M = (M,, M, M,)" is the moment torques generated by the rotors
about the Body frame axes. The 12-dimension model is a control-affine

nonlinear dynamic system:
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and f:R!2 = R and g : R'? — R'?** have the form:

T O3x1  O3x3

_ | Fe(&w) | O3x1 O3x3
f(X) - _gZW ) g(X> - GT(&) 03)(3 )

Fw(w) 03><1 J_l

where J = diag(Jys, Jyy, J2») is the inertia tensor and

[p + gsin ¢ tan 6 + r cos ¢ tan 6

qCcos ¢ — rsin ¢ ,
Gooss T Tend
J;T (Jyy = J2z)qr
7,0 (Jex = Jaa)pr|
EEp A
[sin ¢ sin 1) + cos ¢ sin O cos 1

cos ¢sinfsiny —sin g cos| .

cos ¢ cos 0

Flat Map Derivation (9-Dimension Model)

All quadcopter models presented above are differentially flat, a detailed

derivation of the flat map for the 9-dimension quadcopter model, borrowed

from [34], is presented here

for convenience. The reader is referred to [34, 35]

for a similar derivation of the map for the other models. Let the candidate

flat outputs be grouped into vector:

y:[:c Yy z w}T. (3.9)
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The Euler angles vector € = (¢, 0,1)7 parameterizes the rotation matrix:

R(€) = R.()Ry(0)Ra(0) = [x5 yp 25], (3.10)

where R,(a) € SO(3), with ¢ € {z,y, 2}, represents a rotation of « radians
about the Inertial frame’s g-axis and qg is the Body frame’s g-axis (see
Figure 3.1). From the 9-dimension model, we extract the following equation
of motion:

it =Tzp — gzw. (3.11)

Isolating the normalized thrust 7" and taking the 2-norm (recall ||zg|2 = 1),

we arrive at:

T =i+ 2+ (i +g)%, (3.12)

which maps the second derivative of the flat outputs to the normalized

thrust. Now, solve the equation of motion for zg to obtain:

1| "
Zp = = Yy )
T Z4+g

which, again, determines it as a function of the flat outputs y. The C frame’s
(see Figure 3.1) y-axis y is completely determined by the flat output ¢ as

follows:

T
ycz[—sinw cos 0}



Then, notice that:

Xp= 17—~ Y = Zp XX
U yexaslet TP

25

completely determines the rotation matrix R(§) as a function of the flat

outputs y and their derivatives. Therefore, the roll and pitch angles can be

found:

ZT
o= e )

cos(sin~!(zl,xp

0 = —sin~(zl,xp),

Now, consider the time derivative of the equation of motion:

T :TZB—f—TZB :TZB+OJ X T7ZB7

and project along zg:

251 =25 (Tzp) + z5(w x Tzp),

T .

(3.13)

(3.14)

to solve for T' = z4L ¥ (notice that zp and w x Tzp are orthogonal) and

substitute this expression to find:

¥ = (25 ¥ )z +w x Tzp.
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Consider now:

h, 2 wxzp= 7{( r— (zg 'I"'>ZB),

which is, at this point, known as a function of y and derivatives. Expand:

h, = (pzp + qyp +12p) X Z2p = —pyp + ¢Xs,
and project to find two of the angular velocities:

p=—yghy, (3.15)

= x5h,. (3.16)
Finally, consider the general relative motion equation:

W = wc/w +Wpa/C,

where w 4,p denotes the angular velocity of frame A with respect to frame

B and recall that we/w = w'zW. Now project along zpg to find:

zpw =1 = z5(Vzw) + 2pwp/c.

Noticing that zp and wpg/c are orthogonal, solve for r to find the final

component of the flat map:

r = vz5zy. (3.17)
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With this, all states x and inputs u have been found as a function of y and
its time derivatives up to a finite order (specifically 3-rd order ¥'). Therefore,
by Definition 1.1, the 9-dimension quadcopter model is differentially flat

with flat outputs grouped into vector y.

3.2 FlatVCP: Quadcopters

This section illustrates how the FlatVCP approach is applied to optimal
control of the 9-dimension quadcopter model. We begin by formulating an

optimal control problem in state-space.

Optimal Control

Consider the following fixed-horizon optimal control problem:

minimize / " L(x(t), u(t)) dt (QUAD-OPT-CTRL)

subject to  x(t) = f(x(t)) + g(x(t))u(t),
X(to) = %o, X(ty) = xy,
X(t) € X]:ﬂXvﬁXg, Vt € [to,tf],

u(t) € Up NU,, Yt € [to,t/],

over the space of functions x : [tg, t;] — R? and u : [to, tf] — R*. The initial
to and final ¢ times are given as well as the initial x, and final x; states.

The state and input safety sets Xz, X, Xz, Ur and U,, represent constraints
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in the position r, velocity r, attitude &, thrust 7" and angular velocity w of
the quadcopter, respectively, and will be formally defined in the upcoming

sections.

Flattened Optimal Control

Letting:

x(t) = B(t) £ @ (y (1), y(t), 5(t)), (3.18a)

u(t) = W(t) £ W(y(t),y(t),5(t), ¥ (1), (3.18b)

where ® and ¥ are given as in Section 3.1, we can formulate the flattened

optimal control problem:

minimize /t :f L(®(1), ¥(1)) dt, (QUAD-FLAT-OPT)
subject to  ®(tg) = x¢, Y(ty) = xy, (3.19)
O(t) e XN X, NXe, Vte to,tyl, (3.20)
U(t) € Uy NU,, Vi€ [to, tf], (3.21)

over the space of functions y € C? : [to, ;] — R*. We will see that none
of the safety constraints nor the cost functional depend on the yaw flat
output 1. Therefore, it will be set to 0 for all time and we will focus on the

remaining flat outputs grouped into o £ (z,y, 2)7.
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B-spline Parameterization

Following the FlatVCP approach, we let the flat output vector be a B-spline

curve. Consider the following definition:

Definition 3.1 (B-spline flat trajectory). A C®, 3-dimensional, d-degree B-
spline curve defined as in (1.5) over a clamped, uniform (1.4) knot vector T
segmenting the interval [to,ts] and with control points p; € R3, j=0,...,N

is called a B-spline flat trajectory.

Note that the above definition necessarily requires d > 4 by the continuity

property of B-spline functions.

Safety Constraints

In this subsection, we formally define the state and input safety sets
Xr, Xy, Xe, Up and U,. We also reformulate or relax the constraints of

(QUAD-FLAT-OPT) on the B-spline flat trajectory o into convex conditions

(r)

with respect to its (virtual) control points p;

Position Constraints: &),

We distinguish two types of position constraints: Obstacle avoidance con-
straints Xr and waypoint constraints Xy, such that the position constraint

set is defined as:

X, £ XrN Xy (3.22)
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Obstacle-free flight spaces are usually nonconvex and this makes the ob-
stacle avoidance problem difficult [36]. Obstacle avoidance with continuous-
time safety guarantees was studied in [37] where each obstacle is expressed
as a polytope and the trajectory planning problem is formulated as a mixed-
integer QP, which is an NP-hard problem and renders the online trajectory
re-planning computationally infeasible.

Suppose that the safe flight space F € R? is a set defined as F £
R3\ (01 U...UO,,) where O; € R?® denotes the overapproximation of the
1-th obstacle. Although F is generally nonconvex, convex subsets can be
generally found that, together, form a “safe corridor” in F for the trajectory
(see, for example, [38]). The union of convex subsets can approximate F
arbitrarily well. In practice, these convex subsets are easily found with
sensors such as stereo cameras and lidars [39]. The time-optimality of
trajectories generated using “safe corridors” remains an active research topic

[40, 41]. Consider the obstacle avoidance constraint set defined as:

Xr&{xeR:reF}, (3.23)

where r is the position vector (z,y, 2)T.

Proposition 3.2. [24] Suppose that there exist ng overlapping convex sets
{S1,...,8,.} inside the safe flight space, i.e., S C F, | =1,...,ng, satis-

fying SiNSi1 #0, i=1,...,ns—1 and let o : [ty,t;) — R* be a B-spline
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flat trajectory. If the following conditions hold:

Pj,leSl, j:l,,l+d, l:1,...,n3, (3243)

N=n,+d—1, (3.24b)

then x(t) = ®(t) € Xr for allt € [19,7,) and x(t) is at least C1, Vt €

[T0, Tp)-

Note that the conclusion r(t) € C? ! guarantees that the 3D path
r(t) = (:c(t), y(t), z(t))T is continuous for sufficiently large d.

Waypoint constraints are commonly used for shaping the trajectory.
Assume that there are ny, waypoints py”, ... Pon, € R? near which the
trajectory must pass at certain discrete times ¢;, (i = 1,...,ny,). We define

the waypoint constraint set as follows:
Xop Z{x Rt Ir(t) =D/ Pll2 < dupy i =1,.. ., Ny} (3.25)

where d,,, > 0 is the desired radius indicating the closeness of the trajectory
to the waypoints. Note that the waypoint constraints are exact when d,,, = 0.
The waypoint constraint set is a SOC constraint in terms of the control

points of the B-spline flat trajectory o as follows:

<dyp, =1, My (3.26)

N
> opiNalt) — it
j=0
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Linear Velocity Constraints: X,

Equipment damage and operator injuries are more likely to occur with flights
at high speeds. Therefore, imposing speed limits is desirable. Consider the

linear velocity constraint set defined as:
X, 2 {xeR: ||t]|, <o}, (3.27)

where 7 > 0 denotes the maximum speed.

Lemma 3.3. Let o : [to,t;) — R? be a B-spline flat trajectory. If the
conditions:

Il <7, j=1,....N (3.28)
hold, then x(t) = ®(t) € X, for allt € [to,ts).

Proof. The lemma condition implies, by Proposition 2.3, that
o) <v, Vtelto,ty).
The conclusion follows directly by the definition of X,. m

Angular Constraints: A

Maintaining moderate roll ¢ and pitch # angles enhances system stability
and limits aerodynamic effects neglected in the 9-dimension quadcopter

model. Bounding the attitude aggressiveness can also be key for maintaining
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stability with controllers based on linearizations (e.g., LQR or Linear MPC)
and small-angle approximations. Consider the angular constraints set defined
as:

Xe 2 {x € R [g].]6] < o}, (3.29)

where 0 < € < 7/2 is the bound for the roll and pitch angles. First, consider

the following result:

Lemma 3.4. [24] Given a positive scalar 0 < € < w/2, and the following

SOC:

K2 {peR®: |Apl|2 < ps+ g}, (3.30)

A, = diag(cot e, cot €, 0),

if the acceleration signal ¥(t) € KCc, then |¢(t)|,]0(t)| < € regardless of the

yaw angle P(t).

Note that (3.30) describes the interior of a conic surface in ¥ coordinates
with apex at (0,0,—g). Consider now the following result for angular

constraints satisfaction.

Lemma 3.5. [24] Let o : [to,t;) — R* be a B-spline flat trajectory. If the

conditions:

|Ap?|, <g+zp?, j=2,....N (3.31)
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hold with zyw = (0,0,1)T and A. given as in (3.30), then x(t) = ®(t) €
Xg,vt € [T(),TU).
Thrust Constraints: Uy

Upper-bounding the total thrust is needed to prevent actuator saturation,
while lower-bounding the total thrust is common in aerospace systems, e.g.,

to facilitate soft-landing [42]. Consider the thrust constraints set defined as:
Ur2{ueR | T <T<T}, (3.32)

where T and T are given constants satisfying 0 < T < g < T.

Lemma 3.6. [24] Let o : [to,t;) — R? be a B-spline flat trajectory. If the

conditions:

Hp§»2) + ngH2 <T, j=2,...,N, (3.33a)

ahp) >T g, j=2,...N, (3.33b)
hold with zy, = (0,0,1)7, then u(t) = ¥(t) € Ur, Yt € [19, 7).

Angular Velocity Constraints: U,

Angular velocities are the inputs to the 9-dimension quadcopter model
and are usually subject to saturation. Limits in angular velocities are also

desirable to ensure integrity of gyroscope data. Consider the angular velocity
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constraints set defined as:
U, = {ueR": [pl, ]l <@}, (3.34)

where @ > 0 is a given bound for the angular velocities. Recall that r(t) =0

because of the assumption 1(t) = 0.

Lemma 3.7. [24] Let o : [to,t;) — R® be a B-spline flat trajectory. For

T

any vector ¢ = (o, ...,(n—a)' whose entries are positive constants, if the

following conditions:

2yp? > Ca—g, j=l-d+2,...1 (3.35a)

o], <@ Gra d=1-d+3,...L (3.35D)
hold for 1 =d,... N, then u(t) = U(t) € U,, Vt € [0, 7).

Initial and Final Conditions

It is also possible to formulate the initial and final constraints as affine
conditions with respect to the (virtual) control points of the B-spline flat
trajectory. This is a known result typically used for the design of perching

trajectories [43].

Lemma 3.8. Let o : [to, t7) — R* be a B-spline flat trajectory and consider

given states xo,x; € R® and normalized thrusts Ty, Ty > 0. If the following
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conditions hold:

P =Ty, (l7Q) € {<0a0)7(N7 f)}a (3'363)
p =i, (1,q) € {(1,0),(N, )}, (3.36b)
p” = T,z% — gzw, (1,q) € {(2,0),(N, )}, (3.36¢)

. T . . . . . T
where v, = (g, Yg 24)" and ¥y = (4, Yy, 24)" are extracted from x, and

T
zh = [cos ¢gsinf, —sing, cos¢@,cos Hq}

Then, we have that:

X(to) = (I)(to) = X, (337&)
tli}rg x(t) = tlig; O(t) = xy. (3.37b)

Proof. Recall from Definition 3.1 that o is a clamped B-spline curve. In
particular, this means that the curve begins and ends at the initial and final

control points, respectively. That is:

o(ty) = Py, lim o (t) = py-

t—ty

A similar argument holds for the r-th order derivative of a B-spline curve
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and its r-th and N-th, r-th order VCPs. Specifically:

o(t) =p,  limo"(t)=py, re{o,... d}

t—ty

Recalling that the yaw angle v is assumed always 0, and the equation of
motion for the 9-dimension quadcopter model (3.4), the conclusion follows

directly. O]

Note that the use of the limit notation in the conclusion of Lemma 3.8 is

necessary only because a B-spline flat trajectory o has semi-closed domain

[to, 7).

Objective Functional

While we formulated a general Lagrange cost functional L : R? x R* — R,
the nonlinearities in maps ® and ¥ make it especially challenging to obtain
convex formulations with respect to the B-spline curve’s control points. In
this case study, we will consider Lagrange cost functionals of the following

form:

L (x(t),u()) = [T ®)]3, re{l,...,4}. (3.38)

Higher order derivatives (i.e., higher ) encourages smooth trajectories, while
selecting, for example, » = 1 penalizes the path length. These formulations
are useful, in particular, because they are convex with respect to the B-spline

curve’s control points. In practive, we can consider any positively weighted
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combination of L, with varying order r. Note that minimum-snap (r = 4)
trajectories are ubiquitous for quadcopters [34] because the snap is directly
related to the rotor inputs. Minimum-jerk (r = 3) and minimum path length

(r =1) are also commonly used [44, 45].

Convex Relaxation of (QUAD-FLAT-OPT)

With the results from the previous section, we can relax (QUAD-FLAT-OPT)

into a Second Order Cone Program (SOCP) as follows:

. N—d
minimize / e m2dt— 3 G, (QUAD-FLAT-SOCP)
to k=0

subject to obstacle avoidance constraints (3.24),
waypoint constraints (3.26),
linear velocity constraints (3.28),
angular constraints (3.31),
thrust constraints (3.33),
angular velocity constraints (3.35),

initial and final conditions (3.36),

over the control points p;, (j =0,..., N) of the B-spline flat trajectory o
and the nonnegative scalars ¢, (k =0,..., N — d) appearing in (3.35) (note
that they should be large to maximize the feasible region). The optimization

problem parameters are summarized in Table 3.1.



Table 3.1: Summary of problem data for (QUAD-FLAT-SOCP).

Parameter Description
d Degree of the B-spline flat trajectory o
N Number of control points p; € R3, where j =0,...,N
to, tr Initial and final time, respectively
r Derivative order to minimize (i.e., jerk, snap, ...)
F Safe flight space as union of convex §;
p;" Waypoint at ¢; for i =1,... ny,
dywp Waypoint allowed clearance
v Maximum speed of quadcopter
€ Maximum roll and pitch angle
T.T Minimum and maximum thrust, respectively
w Maximum angular rate
X0, Xt Initial and final states, respectively

3.3 Quadcopter Flight Example

In this section, we generate a sample trajectory for the 9-dimension quad-
copter model using the FlatVCP approach. We further demostrate that
all safety constraints are satisfied. Finally, we track this trajectory with
a Crazyflie2.1 nano quadcopter using the controller and state estimator

described in Appendix A.

Example Trajectory

The trajectory is generated by solving (QUAD-FLAT-SOCP) in MATLAB
with YALMIP [46] and MOSEK [23] with the parameters shown in Table
3.2. We achieved solve times as low as 0.01 seconds with a standard laptop

running an Intel i5 CPU @ 1.60GHz and 8.00 GB of RAM. For examples
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of online trajectory generation with the FlatVCP approach, the reader is

Wp

referred to [24]. The ny, = 8 waypoints used are |p; p,?| grouped

into matrix:

025 —0.5 —-05 05 07 0 =025 0
025 05 —-05 —-05 0 0.7 025 -=0.5], (3.39)
025 05 075 1.0 0.75 05 0.75 0.25

in units of meters. We consider an obstacle-free box-like flight volume

described by the set:
F={reR®: Ar < b}, (3.40)

where

A=n —gfx b'=[11 151 1 0].

After solving (QUAD-FLAT-SOCP) with these parameters, we obtain a

B-spline flat trajectory o and build the flat output trajectory:

y(t)=[a"(t) o],

Then, we can recover the state x™{(¢) and input u*(¢) trajectories from
(3.18). The position r = (z,y,2)T plot of the found trajectory is shown
in Figure 3.2. Also shown are the waypoints and the control points which
are the solution of (QUAD-FLAT-SOCP). The geometry of the constraints

enforced for the 2nd order VCPs p§-2) is shown in Figure 3.3 and includes:

o Inclusion in the conic surface (red) given by K. defined in (3.30) to
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o Inclusion in the sphere (green) given by (3.33a) to guarantee upper-

bounded thrust T'(t) <T.

 Restriction above hyperplane (cyan) given by (3.33b) to guarantee

lower-bounded thrust 7' < T'(t).

The safety constraint satisfaction is verified in Figure 3.4. From this figure,

we can observe that the state trajectory satisfies x**'(t) € X, N X;. Figure

3.5 shows that the input trajectory satisfies u™i(t) € Uy NU,,. It can also be

seen that the values of the vector ¢ = ({, .

.., Co6)T, which are illustrated

by the dashed, light red line, lower bound the thrust over local segments as

defined in (3.35).

Table 3.2: Problem data for (QUAD-FLAT-SOCP) used in the example
trajectory shown in Figure 3.2.

Parameter | Value Parameter Value
d 4 dwp 0.1 [m]
N 30 U 1.0 [m/s]
to, ty 0, 12 [sec] € 9 [deg]
r 4 T,T 9, 10.4 [m/s?]
F see (3.40) w 30 [deg/s]
p;? see (3.39) Xo, Xf 09x1,09x1

Tracking Experiment

The experiment is setup in a basestation computer with a Crazyradio for

communication with the Crazyflie. The controller, estimator and logging
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0.8

0.6

0.4+

0.2

Figure 3.2: The position trajectory generated with the parameters in Table
3.2. We show the position trajectory (dashed black) along with the waypoints
(red circles) and the control points (connected, blue circles).

interfaces are executed in Python3 in the basestation computer. The com-
munication between each program is handled by ROS Noetic. Ultimately,
a control input is sent to the Crazyflie2.1 nano quadcopter through the
Crazyradio. The found trajectory in the previous section x™{(¢), u™!(t) is
evaluated at discrete time instances with a sampling time of At = 0.01

seconds to form the trajectory sequences:

i 2 N (BAL), w2 w kAL, k=0, [t;/At].
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Figure 3.3: Visualization of constraints enforced for the 2nd order VCPs
p§~2 in the example trajectory. Constraint (3.31) represents inclusion within
the red cone. Constraint (3.33a) is the inclusion within the green sphere
(only cusp is shown). Constraint (3.33b) forces the VCPs to lie above the
cyan plane (global bound). Note that these are not the only constraints in
(QUAD-FLAT-SOCP). Furthermore, the angular velocity constraints also
impose restrictions on the 2nd order VCPs but are not depicted here.
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Figure 3.4: State constraints. The velocity respects ||t(¢)]] < 1.0 m/s and
the Euler angles respect |¢(t)],[0(t)| < 9.0 deg for all ¢ € [0,12).
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Figure 3.5: Input constraints. The thrust respects 9.0 m/s* < T(t) <
10.4 m/s* and the angular velocities respect |p(¢)], |q(t)] < 30 deg/s. The
light red line indicates the values of the vector ¢ = ((, ..., ()" lower-
bounding the thrust over local segments as required by constraint (3.35).
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The trajectory sequences are then published to the ROS network at an
appropriate rate and the controller tracks the most recently received setpoint.
The tracking performance is shown in Figure 3.6. The per-axis velocities as
estimated by the Extended Kalman Filter are plotted in Figure 3.7. Also
shown are the velocities obtained from constant acceleration assumption

Tr = (L, Ur, 2¢)T which are computed as follows:

T L —Zp

= k=1,.... |t:/At].
Ty At ) ) 7Lf/ J

where z;, € R? is the motion capture’s measurement of the position vector
at time t = kAt. It can be seen that the EKF produces a less noisy velocity

estimate.
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Figure 3.6: Tracking performance of the LQR controller and an Extended
Kalman Filter presented in Appendix A. The flight was performed indoors
with a Crazyflie2.1 nano quadcopter. The measurements were taken by an
OptiTrack motion capture system.
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Figure 3.7: Flight velocity showing the estimator performance of the Fx-
tended Kalman Filter (EKF) for the experimental flight. The EKF output
is less noisy than that obtained by assuming constant acceleration.
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4 CASE STUDY: VEHICLES

Auto makers continue to increase the number of autonomous features in
new car models [47]. These features have evolved from the traditional
cruise control most drivers are familiar with, to maneuvers as advanced as
autonomous parking. However, in order to continue advancing towards fully
autonomous vehicles, it is clear that safety must be addressed. Especially
relevant is safety at the trajectory planning level to ensure the car’s motion
respects the rules of the road, vehicle actuation limits, and avoids obstacles,
pedestrians and other vehicles. Furthermore, this planning must happen
fast because vehicles drive in dynamic environments which are constantly
changing. In this section, we demonstrate how the FlatVCP approach can

efficiently find state and input trajectories satisfying these constraints.

4.1 Vehicle Models

This section presents a few, commonly used vehicle models which have the
differential flatness property. Furthermore, we show explicitly the flat map

derivation for one of the presented models.

Kinematic Unicycle Model

The kinematic unicycle model is simple and it describes the idealized motion

of many differential drive vehicles and robots [48]. Some examples are
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tracked vehicles such tanks and certain offroad vehicles such as Mars rovers.

Let the state and input vectors be, respectively:

x:{x Yy wr, (4.1a)

AT

u=[v ¢ (4.1Db)
where the position vector r £ (x,%)7 is located in the center of of mass,
¥ is the heading with respect to the inertial frame’s z-axis and the inputs

are the commanded linear velocity v and the angular velocity ¥ about the

inertial frame’s z-axis (see Figure 4.1).

L,

Figure 4.1: Kinematic unicycle model and world (inertial) coordinate frame.

>

The kinematic unicycle model is a control-affine nonlinear dynamic
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system:

x(t) = £(x(t)) + g(x(t))u(®), (4.2)

and f:R?® — R3 and ¢ : R* — R3*2 have the form:

0 cosy 0
fx)= (0], g(x)=|siny O
0 0 1

Kinematic Bicycle Model

The kinematic bicycle model is a commonly used, simple model which
captures the nonholonomic constraint present in most on-road wheeled

vehicles [49]. Let the state and input vectors be, respectively:

x:{aj y v wr, (4.3a)

u=[o 4], (4.3b)

where the vector r 2 (z,y)” denotes the position of the center of the rear axle
(see Figure 4.2), v represents the linear speed and ¢ the heading angle with
respect to the inertial frame’s x-axis. The inputs are the linear acceleration
v and the angular velocity .
The kinematic bicycle model is a control-affine nonlinear dynamic system
[50]:
(1) = £ (x(0) + g (x(0) o) (1.4
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Yw

(x,¥)

Xw

>

Figure 4.2: Kinematic bicycle model and world (inertial) coordinate frame.

and f: R* = R* and g : R* = R**2 have the form:

v Ccos Y 0 0

_ |vsiny 100
f(X)_ 0 ) g(X)— 10 .

0 0 1

Also relevant are the steering angle v and the front wheel speed vg given by:

v

v = arctan <W>, Vp = (4.5)

v cosy

It is worth noting that the kinematic bicycle model presented is, in fact, a
specific instance of the model with position vector r located anywhere along
the wheelbase. The reader is referred to [50] for the general formulation of

the kinematic bicycle model. We restricted the presentation here to obtain
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a differentially flat model [16], as we will show in upcoming sections. In
other words, the general formulation of the kinematic bicycle model is not

known to be differentially flat.

Dynamic Bicycle Model

The dynamic bicycle model provides higher fidelity than the kinematic
bicycle model. However, the equations of motion are significantly more
complex. In essence, the dynamic bicycle model considers the more general
case when the velocity at each wheel needs not be in the direction of the

wheel [51]. Let the state and input vectors be, respectively:

x:[x y v 1 @br, (4.6a)

u=[Ty T, 4] (4.6b)

where Ty and 7). are the throttle (in Newtons) at the front and rear axles,
respectively. That is, a front wheel-driven vehicle would have T,. = 0. The
angle v in radians denotes the front wheel steering angle. The position vector
r 2 (z,9)" points to the center of mass of the vehicle and it is assumed that
it lies somewhere along the wheelbase axis (See Figure 4.3).

The dynamic bicycle model is an autonomous, nonlinear dynamic system:

X(t) = f(x(t),u(t)), (4.7)
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Figure 4.3: Dynamic bicycle model and world (inertial) coordinate frame.

and f:R% x R® — R5 has the form:

v Cos 1Y i
vsin g
fixu) = | & (Pl u) cos v + Fy(x,w)siny) ||
(&
| Tysing + iy cos —E) |

where I, is the vehicle’s moment of inertia about the world frame’s z-axis,
l; and [, are the wheelbase distances from the center of mass to the front
and rear axles, respectively and F; and F) are the front and rear lateral tire
forces, respectively (see [50] for a linear model of these forces and [52] for a
more comprehensive study). The functions F, and F), represent the sum of

external forces along the world frame’s x and y axes, respectively, and are



93

given as follows:

Fo.(x,u) = T, costp — F,sinth + Ty cos(¢p + ) — Fysin(y + ),

F,(x,u) £ T,sintp + F, cos ) + Tysin(e) + ) + Fy cos(yp + 7).

The reader is referred to [53] and [54] for a comprehensive treatment of

the differential flatness property of the dynamic bicyle model.

Flat Map Derivation (Kinematic Bicycle Model)

All vehicle models presented above are differentially flat. We present in
what follows a detailed derivation of the kinematic bicycle model. Note that
the flat map for the kinematic unicycle model can be seen as a subset of the
flat map for the kinematic bicycle model. Let the candidate flat outputs be

grouped into vector:

y = {x y}T. (4.8)

We can directly obtain the speed as:

v=[lylla = /2% + 9> (4.9)

From the equation of motion (4.4), we can divide § by 4 to obtain:

g _ USinw — ¢ — arctan <i> . (410)

T vcosy
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To find the inputs, we can directly consider the time derivative of v and .

After simplifying the expressions, we can obtain:

]

Uzﬁj (4113,)
= 4.11b
p=B (4.110)

With this, all states x and inputs u have been found as a function of y and
its time derivatives up to a finite order (specifically 2-nd order y). Therefore,
by Definition 1.1, the kinematic bicycle model is differentially flat with flat
outputs grouped into vector y.

It is worth noting that the flat map for the kinematic bicycle model
has a singularity (i.e., it is undefined) when ||y| = 0. This means that
the mapping is undefined in situations of zero velocity. We will see in
upcoming sections a way to get around this for solving rest-to-rest optimal
control problems. The key ideas for handling singularities of this kind in

differentially flat systems were introduced in [15].

4.2 FlatVCP: Vehicles

This section illustrates how the FlatVCP approach is applied to optimal
control of the kinematic bicycle model. We begin by formulating an optimal

control problem in state-space.
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Optimal Control

Consider the following variable-horizon optimal control problem:

minimize vt + [ L(x(t),u(t))dt (BIKE-OPT-CTRL)

subject to  %(t) = f(x(t)) + g(x(t) Ju(t),
X(to) = %0, X(tf) = xy,
(x(t)u(t)) €8,, ¥t [to, 1],
x(t) e SpNS,, Vt e [to, tyl,

U(t) S 81'17 vt S [t()atf]?

over the space of functions x : [to,tf] — R* and u : [to,¢;] — R% The
initial time ¢, is given, as well as the initial x( and final x; states. However,
the final time ¢ is left unspecified. We consider Lagrange cost functional

L : R* x U2 — R defined as:
L(x,u) £ 0* + 022 (4.12)

The choice of Lagrange cost functional seeks to penalize trajectories with
aggressive friction circle profiles [51], promoting rider comfort. The state
and input safety sets S, Sp, S, and S, represent constraints in the steering
angle v, position r, velocity v and acceleration ¥ of the vehicle, respectively,

and are defined as follows:



Steering angle safety set:

S, 2 {(x,u) eR* x R?: |y| <7 < 7/2},

where 7 is the steering angle limit.

Drivable safety set:

Sp={xeR:r=(2,y9)" € D},

where D C R? is the obstacle-free space.

Forward speed safety set:

S, 2 {xeR:0<v <}

where 7 is the maximum forward speed.

Linear acceleration safety set:

Sy 2 {ucR?®:|9| <a},

where @ is the maximum acceleration.

o6

(4.13)

(4.14)

(4.15)

(4.16)
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Flattened Optimal Control

Letting:

x(t) = ®(t) £ &(y (1), y(t)), (4.17a)

ut) = w(t) 2 U(y(t), y(1),y(t)), (4.17b)

where ® and ¥ are given in Section 4.1, we can formulate the flattened

optimal control problem:

t

minimize vty + [ L(®(t), U(1))dt (BIKE-FLAT-OPT)
subject to  ®(ty) =x0, D(ty) =xy,

(®(1),W(t) €8,, V€ [to,ty],

O(t) e SpNS,, Vte to,tyl],

U(t) €Sy, Ve [to,tyl,

over the trajectory horizon ¢; and the space of smooth functions y € C? :

[to, f}f] — RQ.

B-spline Parameterization

Following the FlatVCP approach, we will use B-spline curves to param-

A

eterize the flat output vector y. We begin by considering a path 6(s)
(a:(s),y(s))T € C?:[0,1] — R? and speed profile s € C? : [to, t¢] — [0,1].



o8

Together, the path and speed profiles completely define the flat outputs [55]

as follows:

y(t) = 0(s(t)), (4.18)

with derivatives:

y(t) = 5(1)0'(s(t)), (4.19a)
y(t) = 300 (s(t)) + 8(1)6" (s(1)), (4.19b)

where 6’ (s(t)) denotes differentiation of @ with respect to s and taking
values at s(t), and similarly for 6" (s(t)) This choice of parameterization by
B-spline convolution allows us to consider a spatiotemporal division in the
problem and plan separately for each. It also provides a number of benefits:
First, as mentioned earlier, the flat maps ® and ¥ have singularities if
|y (t)||2 = 0 for some ¢ (i.e., @(t) = y(t) = 0). We will see that, following [15],
this parameterization allows us to avoid the singularity even in zero-speed
situations. Second, the position r, the heading 1 (¢) and the steering angle

~(t) depend only on the path 6:

‘(s L(y"(s)a'(s) = 2"(s)y'(s)
Y(t) = arctan <Z’ES;>’ v(t) = arctan ( ( (m’(s)z N y’(s)2)3/2 >)

which will allow us to consider obstacle avoidance and steering angle con-
straints solely when finding the path, independently of the speed profile

chosen later. For ease of notation in upcoming sections, consider the following
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definitions:

Definition 4.1 (B-spline path). [56] A B-spline path is a C?, 2-dimensional,
dg-degree B-spline curve defined as in (1.5) over a clamped, uniform knot

vector ¢ segmenting the interval [0,1] and control points ©; € R? j =

0,..., Np.

Definition 4.2 (B-spline speed profile). [56] A B-spline speed profile is
a C?, 1-dimensional, d,-degree B-spline curve defined as in (1.5) over a
clamped, uniform knot vector T segmenting the interval [ty,ts] and control

points p; € R, 7 =0,..., N;.

Safe Path

In this section, we introduce two Lemmas providing necessary and sufficient
conditions for the path that guarantee (X(t), u(t)) € S, and x(t) € Sp for
all t € [to, t¢]. Then, we have two corresponding Propositions that relax the
Lemmas into sufficient conditions for a B-spline path which are convex with

respect to its (virtual) control points.

Steering Angle Constraints: &,

Vehicles usually have limited steering angle actuation range. In many wokrs,
this constraint is satisfied by limiting the curvature of the trajectories. In
this work, we directly impose constraints in the demanded steering angle of

the trajectory.
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Lemma 4.3. [56] The state-space trajectory (@(t),\ll(t)) € S, for all

t € [to,ts] if and only if

16°(s) x 0"(s)]]> _ tan¥y
ez~ L

Vs € [0,1]. (4.20)

Proposition 4.4. [56] Let 0(s) be a B-spline path and b,; ; be the (i, j)-th
entry of matriz B, as shown in (1.8). If there exists positive constant o > 0,
column unit vector £ € R?, and variables vy, @y, 5 € R such that the B-spline

path O(s) satisfies the following conditions:

0 > vy, j=1,... Ny, (4.21a)
HG).SQ)HQ SEG’ j :27"'aN97 (421b)
2ae 4tan7y
dtany < B+1, (4.21c)
H [LW - 1] ) L
ap < avy — 3, (4.21d)
B,u9 > 0, (4.21e)

then the state-space trajectory (X(t), u(t)) €S, Vt e [to, ts].

Drivable Space Constraints: Sp

In most scenarios, we require vehicles to drive on paved roads. In addition,
we may want to avoid certain parts of the 2D space due to obstacles,

pedestrians, potholes, etc.
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Lemma 4.5. [56] The state-space trajectory ®(t) € Sp for allt € [to, t] if
and only if
0(s) e D, Vsel0,1]. (4.22)

Proposition 4.6. [56] Let D C R? be a given SOC. If the control points of

the B-spline path 0(s) satisfy the following conditions:

®,eD, j=0,....,Ny (4.23)

then the state-space trajectory x(t) € D for all t € [to, ty].

While the obstacle-free space D is generally nonconvex, the convexity
assumption in Proposition 4.6 is easily relaxed by considering the concept
of “safe corridor” (union of convex sets) and enforcing the conditions of
Proposition 4.6 segment-wise instead of globally. The reader is referred to

[24, 38, 41] for more information.

Convex Path Optimization

For fixed values of o and t, the conditions of Proposition 4.4 are convex

with respect to the (virtual) control points of the B-spline path 6 and the
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variables (3, vy and @y. Consider the following SOCP:

1
minimize / 167 (5)]2 ds + Tp — vy + T (PATH-SOCP)
0

subject to ©y =1y, Oy, =17,

1) _ |cosy 1) _ |costy
91 = Vg [Sin¢0‘| ) ®N0 = Vo [Slnwf )

O], <7 j=1....N,

and that (4.21) and (4.23) hold,

with optimization variables ©;, (j = 0,..., Ny), vy, Tp, ag and S. Given
parameters 7, ¢, and r,,, m € {0, f} are, respectively, the steering angle
limit and the initial and final heading angle and position. Note that we
also enforce soft constraint ||0’(s)|| < vy (with Dy being minimized) for use
in upcoming results. Furthermore, we minimize the r-th derivative of the
path with respect to parameter s (i.e., d"@/ds") to achieve different results.
For instance, r = 1 produces minimum length paths while » = 3 produces

minimum curvature paths.

Remark 4.7. [56] Proposition 4.4 contains two relaxations of nonconvex
constraints: Lower-bounding a norm and lower-bounding a convex quadratic
function. Because of the relaxations, the size of the feasible region of

(PATH-SOCP) depends on the choice of parameters a and £. The following



heuristic worked well in practice for simple motions:

_ 2tan%y

rr—Tp
o =
L

Hrf —ron'

[ty —1oll2, =

Trajectory Horizon
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In this subsection, we find an appropriate horizon ¢; by considering the

original objective functional of (BIKE-FLAT-OPT). That is, we consider

a minimization of both t; and the magnitude of the acceleration vector.

Consider a B-spline path 8(s) feasible in (PATH-SOCP), and the following

functions

which must satisfy the differential condition:
V(s) = 2a(s).

Following [57], we have that

S

t 1] 1
ty = Ofldt:/o fds:/o b(s) V2 ds.

Recall now that the considered Lagrange cost functional is:

L(x(t),u(t)) = 0*(t) + v* (1) (t) = [[F ()13

(4.24)

(4.25)

(4.26)

(4.27)
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We can now write the objective functional entirely in terms of (and, as

shown in [58], convex with respect to) the new functions a(s) and b(s) as

follows:

J(a / Yol la(s)8/(s) + ()" (s)|[3 ds.  (4.28)

We follow a similar procedure as in [57] and consider N;+1 points partitioning
the interval [0,1] into N; uniform segments with width As £ 1/N;. The

discretized Lagrange cost functional becomes:
L(si, ai, b;) = [|a;0'(s:) + 58" (s:) 3,

where a; and b; are the decision variables representing a(s;) and b(s;),
respectively. Assuming that a(s) is piece-wise constant over each segment
[8i,8i41), @ = 0,..., N, — 1 where s; 2 iAs, we can exactly evaluate the

integral (4.26) to avoid the case when § = 0 as shown in [57]. Consider the
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minimize

subject to
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Ntfl Nt
S wAsd; + S L(si, a5, b;) (TIME-SOCP)
=0 i=0
20@' -
[bl—l §b1+1, ’L—O,...,Nt,
2
2 <Acitd, i=0,...,N,—1
ACi—dl’ = C; 79 1=U,. ..., Vg )
2
Ac; = cip1 + ¢,
QASCLi:bi—bi_l, izl,...,Nt7
boll€'(0))13 =5, On, (10" (V)3 = 07,
bill0'(si)ll5 <v°, i=0,..., N,
a'z||0/(sz)||2+b7,fz Sd, Z'ZO,...,Nt,

(0’(31-) - 9”(52-))

=" e

with optimization variables a;, b;, ¢; and d; with ¢ =0, ..., N;. The tradeoff

between minimum time and minimum acceleration v > 0 and the maximum

speed v and acceleration @ are given parameters. Also given are the initial vy

and final v; velocities. In (TIME-SOCP), the first three constraints are the

SOCP embedding of (4.26) given in [57], the fourth constraint is from (4.25),

the fifth sets initial and final speeds, the sixth ensures the speed bound

is respected and the seventh ensures the acceleration bound is respected.

From our assumption that the function a(s) is constant over each [s;, s;11)
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segment, we can recover the duration of each segment from the constant

acceleration equation:

Ap, = Vot Vbt

. i=1,...,N. (4.29)

The trajectory horizon is then

Ny
tp=>_ At; +to. (4.30)

=1

Remark 4.8. The solution of (TIME-SOCP) provides a safe speed profile
at discrete time instances. If continuous-time safety is not critical, it suffices
to stop here and retrieve the discretized state-space solution. Alternatively,
if the desired horizon ty is known, one can skip (TIME-SOCP) and proceed

to the next section to find a safe speed profile s.

Safe Speed Profile

In this section, we introduce two Lemmas providing necessary and sufficient
conditions for the speed profile that guarantee x(t) € S, and u(t) € S; for
all t € [to,tf]. Then, we have two corresponding Propositions that relax
the Lemmas into sufficient conditions for a B-spline speed profile which
are convex with respect to its (virtual) control points. Assume that the
trajectory horizon t; is given by the solution of (TIME-SOCP) or specified
a priori. Let O(s) be a B-spline path feasible in (PATH-SOCP) and s(t) be
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a B-spline speed profile.

Forward Speed Constraints: S,

It is clear that bounding the speed is essential. Most roads have a posted
speed limit and reduced speeds also minimize the damage in case of an

accident.

Lemma 4.9. [56] The state-space trajectory ®(t) € S, for all t € [to, ty] if

and only if
s(t) >0, s)]0(s()]2 <T, Vi€ [to,ty]. (4.31)
Proposition 4.10. [56] If the condition
0<zpl) <w, j=1,...,N, (4.32)
holds, then the state-space trajectory x(t) € S,, Vt € [to,tf).

Linear Acceleration Constraints: S,

Bounding the acceleration helps both to respect the engine or motor power
limits as well as to prevent excessive braking that can be dangerous or

uncomfortable for the passengers.
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Lemma 4.11. [56] The input trajectory V(t) € Sy for all t € [ty,ts] if and

only if
lay(t) + an(t)] <@, Vte lto,ty], (4.33)

where

ar(t) £ 5(1)[10' (s(t)) 2,
g?(t)(e'(s<t))- 0”(5(t)))
ACO)]

Proposition 4.12. [56] For any given nonnegative vectors m = (g , . . .,

(1>

an(t)

mn._a.)’, wehere m € {k, €}, if the following conditions:

0<p) <Ry j=k+1,... k+d, (4.34a)

G <pP <@, j=k+2,....k+d, (4.34b)

Arﬂ+m gﬁrﬂ+% (4.34c)
€k 9 €k

then the state-space trajectory u(t) € S; for allt € [to,ty).
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Convex Speed Profile Optimization

Consider the following SOCP:

t
minimize / Tty ae (SPEED-SOCP)

to
subject to py =0, pn, =1,

_ 1 _ 1
Uepg = Vo, Uepgvz = vy

and that (4.32) and (4.34) hold,

with optimization variables K, € € RN"%*! and p, € R, j =0,... N,. The

initial vy and final v; speeds are given parameters.

Summary of FlatVCP for Vehicles

We presented three SOCP that, together, specify the path, horizon and
speed profile. These completely specify the flat output trajectory y €
C? : [to, t;] — R?, which can be mapped to the state x(t) and input u(t)
trajectories by the mappings ® and W, respectively, given in Section 4.1.
See Figure 4.4 for a block diagram summarizing the FlatVCP approach in
this case study and Table 4.1 for the optimization parameters for the three

presented SOCPs.
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0(s) ‘
—-[ PATH-SOCP

9(8),?0?50
) ty Flat x(t),u(t)
Problem d TIME-socp f, a
Data \ ) Map
tr, 0(s), g, ag

Y s(t)
— SPEED-SOCP
. r h J

A

Figure 4.4: Block diagram showing the SOCPs obtained from applying the
FlatVCP approach to the kinematic bicycle model. (PATH-SOCP) finds
a safe path 0(s), (TIME-SOCP) find an appropriate trajectory horizon ¢
and (SPEED-SOCP) finds a safe speed profile s(t). The obtained trajectory
x(t) and u(t) is a guaranteed feasible point of (BIKE-OPT-CTRL). The
problem data are the parameters in Table 4.1. The flat map is given in
Section 4.1.

Table 4.1: Problem data for (BIKE-OPT-CTRL) and the SOCPs.

Xo, X7 | Initial and final state vectors, respectively.

Initial time [sec].

Maximum steering angle [rad].
Obstacle-free space (D C R?).
Maximum speed [m/s].
Maximum acceleration and braking [m/s?].
Duration penalty factor.
Wheelbase length as in Figure 4.2.

wIN R e ISR
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4.3 Vehicle Driving Example

In this section, we generate a sample trajectory x**{(¢) and u™!(¢) for the
kinematic bicycle model using the FlatVCP approach. We also demonstrate
that all safety constraints are satisfied by plotting x™(¢) and u*™!(¢). Finally,
we track this trajectory with a Nvidia JetRacer Pro using the controller and

state estimator described in Appendix B.

Example Trajectory

In this section, we show how to generate state-space trajectories x**f(¢) and
u*i(t) by solving the three SOCPs: (PATH-SOCP), (TIME-SOCP) and
(SPEED-SOCP). Let us consider B-spline path @ parameters dy = 4 and
Ny = 20, and B-spline speed profile s parameters d; = 4 and Ny = 20.
For (PATH-SOCP), we use r = 1 to generate a minimum-length path. For
(TIME-SOCP), we use N; = 40 uniform segments to partition the interval
[0,1]. For the safety sets, use the parameters in Table 4.2. With all these
parameters, using MATLAB with YALMIP [46] and MOSEK [23], in a
standard laptop running an Intel i5 CPU @ 1.60GHz and 8.00 GB of RAM,
we achieved solve times of about 0.04 seconds (25 Hz).

By solving the SOCPs, we obtain the control points ®; and p;, where
j=0,...,20, as well as the trajectory horizon t; from (4.30). These control
points define the B-spline path 6(s) and the B-spline speed profile s(t). We

can then use (4.18) to obtain the flat output trajectory y(¢). Finally, we
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Table 4.2: Problem data for the SOCPs used in the example trajectory
shown in Figure 4.5.

Parameter Value Parameter Value
X0 (—1.5,1,0,0)T Xy (1.5,—1,0,0)T
5 10 [deg] D R?
v 0.7 [m/s] a 0.6 [m/s?]
v 1 L 0.1683 [m]

can use the flat mappings ® and ¥ shown in section 4.1 to obtain the state
x'(t) and input u™(¢) trajectories. The position r = (x,%)” plot of the
found trajectory is shown in Figure 4.5. Also shown are snapshots of the
kinematic bicycle model at certain time instances. The safety constraint
satisfaction for the state trajectory is verified in Figure 4.6. From this figure,
we can observe that the state satisfies x**{(t) € S,. Figure 4.7 shows that

the input trajectory satisfies u™(¢) € S; and that (Xref(t), uref(t)) €Ss,.

Tracking Experiment

The experiment is setup in a basestation computer connected to a local aera
network (LAN) to which the Nvidia JetRacer Pro’s Jetson Nano computer
has access. The controller, estimator and logging interfaces are executed in
Python3 in the basestation computer. The low-level commands sent to the
servo (steering) and motor (throttle) of the vehicle are computed onboard
with a Python2 program. The communication between each program is
handled by ROS (Noetic in the basestation, Melodic in the Jetson Nano).

The found trajectory in the previous section x™(t), u™i(t) is evaluated at
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Figure 4.5: The position trajectory generated with the parameters in Table
4.2. The position trajectory r'!(t) is shown in blue. Also shown are snapshots
of the kinematic bicycle model at times t € {0, 1.53,3.05,4.59,6.11,7.64}.

discrete time instances with a sampling time of At = 0.01 seconds to form

the trajectory sequences:

X2 XN (RAL), w2 w(kAL), k=0, [t;/At].

The trajectory sequences are then published to the ROS network at an
appropriate rate and the controller tracks the most recently received setpoint.

The tracking performance is shown in Figure 4.8. The state components
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2 1
1 0.5
20 & 0
8 >
- -0.5
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0.6
= %20
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Figure 4.6: State trajectory with constraints. The speed respects 0 < v(t) <
0.7 m/s.

. ¥ [m/s?]

. 3 [deg/s]

|7 [deg]

Figure 4.7: Input trajectory with constraints. The linear acceleration
respects [0(¢)] < 0.6 m/s? and the steering angle respects |y(t)| < 10
degrees.
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are plotted against time in Figure 4.9. Also shown is the estimated speed v

obtained by assuming constant acceleration which is computed as follows:

L — Tk—1
Yk — Yr—1

where x; and y; are the motion capture’s measurement of the position at

_ 1
/Uk:Kt

Y

time t = kAt. It can be seen that the EKF produces a less noisy speed

estimate.

- .rref(t)

05

y [m]

-05

2 15 4 05 0 05 1 15

z [m)]
Figure 4.8: Tracking performance of the LQR controller for the Feedback
Linearized kinematic bicycle model presented in Appendix B. The experiment
was performed indoors with a Nvidia JetRacer Pro. The measurements were
taken by an OptiTrack motion capture system.
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Figure 4.9: State components over time for the tracking experiment shown
in Figure 4.9. The states are estimated by an Extended Kalman Filter
(EKF). Also shown is the estimated speed v obtained by assuming constant
acceleration. It is clear that this approach is much more noisy than the
estimate obtained by the EKF. The raw measurements of the Motion
Capture system for the remaining states are so accurate that their traces
are indistinguishable from the estimated traces (magenta).
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A QUADCOPTER CONTROL AND ESTIMATION

This appendix describes the algorithms used for state estimation and control
of the Crazyflie2.1 nano quadcopter used in the experimental examples in
Section 3.3. The physical parameters for the Crazyflie2.1 nano quadcopter

are summarized in Table A.1.

Table A.1: Physical parameters for the Crazyflie 2.1 [59].

Parameter Description Value
m Total mass 0.032 [Kg]
Lo Moment of Inertia about x axis | 1.395 x 10~°[Kg-m?]
1, Moment of Inertia about y axis | 1.436 x 10~°[Kg-m?]
I, Moment of Inertia about z axis | 2.173 x 10~°[Kg-m”

A.1 Quadcopter Control

This section describes the controller we used in the experiments of the

quadcopter case study.

Firmware Inputs

The Crazyflie2.1 nano quadcopter’s firmware released by Bitcraze includes
attitude and attitude rate PID controllers. The firmware accepts a 16-bit

integer representing thrust 7., € [0,65535], and the Euler angles: ¢, § and
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1. The 16-bit thrust, roughly, follows the empirical relationships [59]:

rpm ~ 0.2685 X Tpym + 4070.3,

9

T~ —————
1000 x m

(109 x 1072 x rpm? 4 210.6 x 107% x rpm + 0.154),

where T is the normalized thrust (in m/s?), m is the mass and rpm is,
loosely, the rotor revolutions per minute that would generate such thrust.
With these relationships, we can consider the 6-dimension quadcopter model

(3.2) for control.

Linear Quadratic Regulator (LQR)

We use infinite-horizon LQR [60] for controlling the linearized 6-dimension

quadcopter model (3.2). That is, we want to solve:

minimize /0 h x7 (£)Qx(t) +u” (t)Ru(t) dt (QUAD-LQR)

subject to  x(t) = Ax(t) + Bu(t),

over the state-space trajectories x : [0,00) — R% and u : [0,00) — R*. The

matrices A and B are given as:

0 0 00
0 0 00
O3x3 I3 0 0 00
A= , B= ;
losxs 03x3] 0 0 g @0
0 —g 00
1 0 0 0]
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and the state and input weight matrices are chosen, respectively, as follows:

Q = diag(20,20,100,1,1,5),

R = diag(0.1, 20, 20, 40).
The control policy is given as follows:
u(t) = w(t) — K(x(t) - x'(t)), (A.1)

where x*°{(t) and u™!(¢) are the reference state and input trajectories, re-
spectively, generated by the FlatVCP aproach. The matrix K is given

as:

K =R'BP,

where P is the solution to the Continuous-time Algebraic Riccati Equation
(CARE):
ATP + PA+Q — PBR'BP = 0.

A.2 Quadcopter Estimation

We use an Extended Kalman Filter for state estimation based on the 6-

dimension quadcopter model [61]. An OptiTrack motion capture system
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measures position r = (z,y, 2)7. We consider discretized dynamics:
Xp = fa(Xp—1, g1, Wi—1) = X1 + At f(Xp—1, Up—1) + W1, (A.2)

where wj, ~ AN(0,Q) with process noise covariance matrix @ € R®*¢
f RS xR* — R is given in (3.2) and At = 0.01 is the chosen time step.

Let the measurement model be:
Z, = h(Xk, Vk) = HXk + Vi, (AS)

where H £ [[ 3 034 3} and v, ~ N (0, R) with measurement noise covariance
matrix R € R**3. Let xo € R% be the given initial state and Py € R%6 the

initial covariance matrix. We now set:
P0|o =, Xolo = X0 (A~4)

The EKF consists of two steps:

The predict step is given as:

Kijo—1 = fa(Xp—1j6—1, U1, 06x1), (A.5a)

P11 = PP 11" + Q, (A.5b)

where

A 03 I3
S~



The update step is given as:

Xk = Xpjh—1 + Ki(2e — HXpjp—1),

P = (Ie — K H) Pyp—1(Is — K H)" + KyRK],

where the Kalman gain is given by:

Ky = Pyp—1H' (HPy—1H" + R)™".
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B VEHICLE CONTROL AND ESTIMATION

This appendix describes the algorithms used for state estimation and control
of the Nvidia JetRacer Pro used in the experimental examples in Section
4.3. The only relevant physical parameter for the Nvidia JetRacer Pro is

the wheelbase length L = 0.1683 meters.

B.1 Vehicle Control

This section describes the controller we used in the experiments of the vehicle
case study. We use feedback linearization [62] and control the resulting

linear system with an infinite-horizon LQR [60].

Feedback Linearization

Consider the kinematic bicycle model (4.4) and suppose we have obtained a
state-space trajectory x™(t) and u™i(¢) using, for example, the FlatVCP
approach as shown in Section 4.2. Begin by defining the error vector in the

world-frame:

V(1) = [j;%i@] 2 lx(t) ref(t)] . (B.1)

-
y(t) = y™(t)
From the equation of motion, we can find the time derivative of this error

e (t) as follows:

N

—~

~+
~—
_

[v(t) cos (t) — v™!(t) cos Wef(t)] (B.2)

0= (5 0] = [ty eyt
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We can derive again to find:

..W t . t _ ..reft

Cr )] = F( )&l )] , (B.3)
Yy

where the accelerations are given as follows:

i = 0cosy) — vihsiny,

§j = v sin 4 vi) cos .
Then, we define the rotation matrix:

RIV%/ — (¢rcf) _ COoS ¢ref — sin wref] A

sin ,¢ref cos Q/)ref = |:XR yR:| ) (B4)

which rotates vectors about the zy axis by ¥*f radians. The vectors
dp, 9 € {x,y} are called the reference frame azes. We can now express the

error vector in the reference frame with:
R w\T w R Rt
ef(t) = (RY) e"(t) = [ef(t) ef(1)] | (B.5)

or equivalently:

rey  en®)] | e (8) cosrei(t) + ey (t) singpri(t)
e (t) = [ef ] - l—ey(t) sin ¢7K(t) + ¢7 (1) coswref(t)] - (BE)
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We can now take the time derivative of eff(t) to find:
“R jref T ow w\ T w
ef(t) = (t) [yr —xn| eV(t)+ (RY) &" ().

The above equation may also be expressed as follows:

oy [ UH¥R (1) + xEe (1)
—¢rei(t)xpe’ (t) + yRe ()]
Notice that the reference frames xp and yj are also functions of time as

they depend on *{(t). Given that:

yi— iy — 2000
v? ’

w =
We can derive again with respect to time to obtain:

éR(t) _ (RII,%V)T@W _ wref)zew) + [_}’fgl (2¢reféW _|_1LrefeW). (B.7)

Recalling now that é" contains the true system inputs u = (v, w), we
have exposed them as a function of the trajectory x**f(¢), u™(¢), the state
x(t), and the second derivative of the error in the reference frame é7(t). Let

us consider the linearizing state and inputs, respectively, as follows:

T
ooell el éﬂ , (B.8a)

v=ler e’ (B.8h)



85

The feedback linearized system evolves as a double integrator with linear
dynamics:

a(t) = Aa(t) + Bv(t), (B.9)

where

02><2 ]2 02><2
[OQXQ 02><2‘| ’ [ ]2 ]

Linear Quadratic Regulator (LQR)

We use infinite-horizon LQR [60] for controlling the feedback linearized

kinematic bicycle model. That is, we want to solve:

minimize /0 - z' (1)Qz(t) + v' (t)Rv(t) dt (BIKE-LQR)

subject to  z(t) = Az(t) + Bv(t),

over the linearizing state-space trajectories z : [0,00) — R* and v : [0, 00) —

R2. The state and input weight matrices are chosen, respectively, as follows:
Q) = diag(40,40,4,4), R = diag(20,200).
The linearizing input policy is given as follows:

v(t) = —Kaz(t) (B.10)
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where the matrix K is given as:
K =R 'BP,

where P is the solution to the Continuous-time Algebraic Riccati Equation
(CARE):
ATP+ PA+Q — PBR'BP = 04,.4.

The linearizing input policy is designed to make the linearizing state z (and

thus the error in the reference frame e®) converge to zero. Furthermore, the
original input to the system u can now be recovered by solving equation

(B.7) for u. We start by isolating &' (¢) as follows:

T

8V (t) = RW (v _ [_}’;Tl (2¢reféW + @Z}refeW)) i (Wef)?ew.

R

Using this result, we can obtain:

R

a(t) = (R‘vy)T (R}/%V <v Lot [—YET] (2¢reféW I zLrefew)> I (djref) Zew)7

where 1 £ (0, v¢)) and

RW — cosy —siny
V.7 |Isiny  cosv |
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B.2 Vehicle Estimation

We use an Extended Kalman Filter for state estimation based on the
kinematic bicycle model. An OptiTrack motion capture system measures
)T

position r = (z,y)" and the heading angle . We consider discretized

dynamics:

Xp = fa(Xp—1, W1, Wi1) = X1 + At(f(xk—l) + g(Xk—1)1lk—1) + W1,
(B.11)
where w;, ~ N(0,Q) with process noise covariance matrix Q € R**4
f:R* - R and g : R* — R**? are given in (4.4) and At = 0.01 is the

chosen time step. Let the measurement model be:
VA h(Xk, Vk) = HXk + Vi, (B12)

where

H A

O O =
O = O
o O O
_ o O

and v, ~ N(0, R) with measurement noise covariance matrix R € R3*3,
Let xo € R* be the given initial state and Py € R*** the initial covariance
matrix. We now set:

P0|0 =, >A<o|o = Xo (B-13)



The EKF consists of two steps:

The predict step is given as:

Kifk—1 = fa(Xp—1jk—1, Wr—1, 0451),

Pyjp—1 = q)()zkfukfl)Pk71|k71(1)T<§(k71\k71) +Q,

where

0 0 cosyp —wsiny
b & Ly ae |0 0 sy vessy
00 O 0

The update step is given as:

Kk = Xih—1 + Ki(zp — HXpjp—1),

P = (Is — Ky H) Pyp—1(Is — Ky H)" + KyRK],

where the Kalman gain is given by:

Ky = Py H (HPy1H" + R)™L.

38

(B.14a)

(B.14b)

(B.15a)

(B.15b)
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