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Motivation: Safety-critical Applications
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Control Barrier Functions (CBFs)

Continuous-time nonlinear system:
x = f(x) +g(x)u
Nominal controller:

u = k(x,r)
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Control Barrier Functions (CBFs)

Continuous-time nonlinear system:
x = f(x) +g(x)u
Nominal controller:

u = k(x,r)

Safety set X’ ~_
Safety requirement: X(t) & X,\V/t y

Safety violation
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Control Barrier Functions (CBFs)

Continuous-time nonlinear system:
x = f(x) +g(x)u
Nominal controller:

u = k(x,r)

Safety set X’
Safety requirement: X(t) - X,\V/t

CBF-based controller
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Control Barrier Functions (CBFs)

Victor Freire
Slide 8 of 56




Control Barrier Functions (CBFs)

X ={x e R"|h(x)>0}

min ”u—unH2 <0
st h(x,u) > —a(h(x)) -
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Victor Freire

Slide 9 of 56



Control Barrier Functions (CBFs)

X ={x e R"|h(x)>0}

h(x,v) = L¢h(x) + Lgh(x)u

Quadratic Program (QP)

min ”u—unH2 <0
st h(x,u) > —a(h(x)) -
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CBF Example: Adaptive Cruise Control
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Control Barrier Functions (CBFs)

Candidate CBF: f - Ol such that
X ={xeR"|hx) >0}
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Control Barrier Functions (CBFs)

Candidate CBF: f - Ol such that
X ={xeR"|hx) >0}

CBF condition: dox € Ko

sup [h(x, u)} > —a(h(x)),Vx € X

ucld
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Control Barrier Functions (CBFs)

Candidate CBF: f - Ol such that
X ={xeR"|hx) >0}

Nagumo’s control invariance conditions: CBF condition: dov € Koo
Vx € 0X, Juel, f(x)+ g(x)u € Ty(x) <:> sup [h(x7 u)} > —Oz(h(X)),VX cX
[4] ucld

[4] Ames, Xu, Tabuada, TAC 2016 Victor Freire
. Slide 14 of 56




Example: Overhead Crane
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Example: Overhead Crane
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Example: Overhead Crane
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Example: Overhead Crane

—

Position | < ZTpax

Constraints —
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Example: Overhead Crane

Constraints —

—

Position

Payload

T < Tmax

x+ Lsint < puax
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Example: Overhead Crane

—

Position = < Tpax

Constraints - Payload x + Lsinf < pyax

nput | |u| < Upax
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Example: Overhead Crane
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Example: Overhead Crane

T Designh candidate CBFs

—

Position = < Tpax

hi(x) = Tyax — @

Constraints - Payload x + Lsinf < pyax

ho(x,0) = Pmax — ¢ — Lsin6

nput || < Upax

—
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Example: Overhead Crane
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Example: Overhead Crane

T Add new constraint

—

Position = < Tpax

hi(x) = Tyax — @

Constraints 4 Payload x + Lsinf < pyax

ho(x,0) = Pmax — ¢ — Lsin6

‘ Input ‘u‘ < Upax
0] < Onax

Angle
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Example: Overhead Crane

T Designh candidate CBFs

—

Position = < Tpax

hi(x) = Tyax — @

Constraints 4 Payload x + Lsinf < pyax

ho(x,0) = Pmax — ¢ — Lsin6

‘ Input ‘u‘ < Upax
0] < Onax

Angle

h3(0) = Omax — |0
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Example: Overhead Crane
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Example: Overhead Crane

X Limitation of naive (candidate) CBF design: CBF-QP Infeasible

—

Position = < Tpax

hi(x) = Tyax — @

Constraints 4 Payload x + Lsinf < pyax

ho(x,0) = Pmax — ¢ — Lsin6

‘ Input ‘u‘ < Upax
0] < Onax

Angle

h3(0) = Omax — |0
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Control Barrier Functions (CBFs)

Nagumo’s control invariance conditions:

Vx € 0X, Juel, f(x)+gx)ue Ty(x)

@ [4] Ames, Xu, Tabuada, TAC 2016

>

[4]

Candidate CBF: f - Ol such that
X ={xeR"|hx) >0}

CBF condition: dox € Ko

ucld

sup [h(x, u)} > —a(h(x)),Vx € X

Victor Freire

Slide 28 of 56



Reference Governor (RG) Approaches

; ;:“(Xa I')Jijt[ﬁ (%, un)}L f(x) + g(x)u” Ji CBF-based control
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Reference Governor (RG) Approaches

T 'r un u e X
> ’%(Xv r)l — B(Xv un)} f<X> + g(X)ll* Jﬁ CBF-based control

X
f(X> T g(X)un Jﬁ RG-based control
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Reference Governor (RG) Approaches

T 'r un u e X
> ’%(Xv r)l — B(Xv un)} f<X> + g(X)ll* Jﬁ CBF-based control

No systematic construction

X
f(X> T g(X)un Jﬁ RG-based control

Poor performance
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Dynamic Safety Margin (DSM)

Continuous-time nonlinear system:
x = f(x) + g(x)u
Prestabilizing controller:

u = k(x,V)

Victor Freire
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Dynamic Safety Margin (DSM)

Continuous-time nonlinear system: T9
x = f(x) +g(x)u
Prestabilizing controller:

u = k(x,V) .-
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Dynamic Safety Margin (DSM)

Continuous-time nonlinear system:
x = f(x) + g(x)u
Prestabilizing controller:

u = k(x,V)
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Dynamic Safety Margin (DSM)

Continuous-time nonlinear system: T
. /]
x = f(x) + g(x)u
Prestabilizing controller: x +
u = k(x,V) >
Safety set X j(v)

w "

o A(x, V)
A(x,v) >0
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Dynamic Safety Margin (DSM)

Continuous-time nonlinear system: T
X = f(x) +g(x)u

Prestabilizing controller:

X
u = k(x,V) = —

Safety set X CZE(,V—)/>
— A(x,V)
A(x,v) <0

Victor Freire
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Lyapunov-based DSMs

Reference-dependent Lyapunov function

V(z(v),v)=0 N
Vix,v) >0 2
"0 + g0, v) < 0 x
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Lyapunov-based DSMs

Reference-dependent Lyapunov function

V(z(v),v)=0 N
Vix,v) >0 2
"0 + g0, v) < 0 x

Victor Freire

Slide 38 of 56



Lyapunov-based DSMs

Reference-dependent Lyapunov function
V(z(v),v) =0
Vix,v) >0 /
oV ;
() g(x)r(x,v)) < 0 A

Threshold value [™(v)

v) X

1N

N
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Lyapunov-based DSMs

Reference-dependent Lyapunov function

V(z(v),v)=0
Vix,v) >0 /

OV (%) + gx)r(x, v)) < 0

ox

Threshold value [™(v)

Lyapunov-based DSM:
A(X7V> — F*<V) B

Other approaches to construct DSMs in [5]

[5] Nicotra, Garone, Control Syst. Mag. 2018 Victor Freire
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Explicit Reference Governor (ERG)

Want to reach a_j(r) but itis unsafe with 1 = /i(X, I’)

X9
A

ERG closed-loop system X

3] - [ ) o

Guarantees X(t) c X
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Explicit Reference Governor (ERG)

Initialize v sothat A(x,v) > 0

X9
A

ERG closed-loop system X

- [rotetes ——

Guarantees X(t) c X

e sal > A(Xa V>
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Explicit Reference Governor (ERG)

ERG closed-loop system

3] = [/ oyt

Guarantees X(t) c X
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Explicit Reference Governor (ERG)

ERG closed-loop system

3] = [/ oyt

Guarantees X(t) c X

Gy
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Explicit Reference Governor (ERG)

Eventually, X(¢) — Z(r) and v —r

ERG closed-loop system X
ﬁ _ {f(x) + g(x)r(x, v>] —
\4 A(Xv V)(r — V) (x)

Guarantees X(t) c X

Victor Freire
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Example: Overhead Crane
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Our work: DSM-CBF
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Our work: DSM-CBF

(T )

Theorem: DSMs are CBFs for the augmented system

{x} _ {f(x) +g(x)u]
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Our work: DSM-CBF
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Our work: DSM-CBF
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Our work: DSM-CBF

(' )

heorem: DSMs are CBFs for the augmented system Intuition:
x| _ |f(x)+g(x)u
\Y% \%% A

- J

is control invariant because the input

(u, w) = (k(x,v),0) Y

is always safe (satisfies CBF-condition)

Victor Freire
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Our work: DSM-CBF

(' )

heorem: DSMs are CBFs for the augmented system Intuition:
x| _ |f(x)+g(x)u
\Y% \%% A

is control invariant because the input

(u, w) = (k(x,v),0) Y

is always safe (satisfies CBF-condition) _K
X

Projxc is control invariant with respect to the original system

x = f(x)+ g(x)u

[6] Freire, Nicotra, LCSS 2023 Victor Freire
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Our work: DSM-CBF-based Control

DSM-CBF control

min [lu— uy [+ 7llw — wy”
s.t. A(x,v,u,w) > —Oz(A(X, V))

Victor Freire
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Our work: DSM-CBF-based Control

DSM-CBF control CBF control
min  |ju— uy|]* + n||w — wyl? min  |ju — u,||*
st A(x,v,u,w) > —a(A(x, v)) st h(x,u) > —a(h(x))

Victor Freire
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Our work: DSM-CBF-based Control

DSM-CBF control CBF control
min | —up* +nlw — wy|” min - u— uy|”
st A(x,v,u,w) > —a(A(x, v)) st h(x,u) > —a(h(x))
: OA OA AN - oh
A<X7 v, u, W) — a—Xf<X>+& ( >u—|—a—VW h(X7 11) f( ) a (X)u

Both constraints are linear in decision variables 2 QP

Victor Freire
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Example: Overhead Crane

DSM-CBF

Gy
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Example: Overhead Crane
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